In this paper, a convergence in Hausdorff content of some certain sequences of linear Padé-orthogonal approximants corresponding to a measure supported on a general compact subset of the complex plane is proved. As an application of this, we give an alternative proof of a Montessus de Ballore type theorem for row sequences of these Padé-orthogonal approximants.
Introduction
Rational approximation theory has been a mainstay of approximation theory from the beginning. This subject occupies a large place in the literature. One type of rational approximations (for example, Padé approximation) can be classified as an independent branch of complex analysis and approximation theory. Although polynomials seem to be more familiar and comfortable, they are not such a good class of functions if one wants to approximate functions with singularities because polynomials are entire functions without singularities. Rational functions are the simplest functions with singularities. They are more powerful than polynomials at approximating functions near singularities, with jumps, and on unbounded domains (see, e.g., [8, 9, 15, 24] ). In this paper, we consider a generalization of the classical construction of Padé approximants, namely Padé-orthogonal approximants defined as follows.
Let E be an infinite compact subset of the complex plane C such that C \ E is simply connected. There exists a unique exterior conformal mapping Φ from C \ E onto C \ {w : |w| ≤ 1} satisfying Φ(∞) = ∞ and Φ (∞) > 0. We assume that E is such that the inverse function Ψ = Φ −1 can be extended continuously to C \ {w : |w| < 1}. Note that the closure of a bounded Jordan region and a finite interval satisfy the above conditions. In this whole paper, E is as described above.
Let µ be a finite positive Borel measure with infinite support supp(µ) contained in E. We write µ ∈ M(E) and define the associated inner product, g, h µ := g(ζ)h(ζ)dµ(ζ), g, h ∈ L 2 (µ).
Let
p n (z) := κ n z n + · · · , κ n > 0, n = 0, 1, 2, . . . , be the orthonormal polynomial of degree n with respect to µ having positive leading coefficient; that is, p n , p m µ = δ n,m . Denote by H(E) the space of all functions holomorphic in some neighborhood of E. Finding an ordered pair (p µ n,m , q µ n,m ) is equivalent to solving a system of n + m + 1 homogeneous linear equations on n + m + 2 unknowns. Therefore, for any pair (n, m), a rational function [n/m] µ F always exists but, in general, it may not be unique (see [1, Example 1] ). It is not difficult to see that if E = {z ∈ C : |z| ≤ 1} and dµ = dθ/2π on the unit circle, then the Padé-orthogonal approximants reduce to the classical Padé approximants (see the Frobenius definition in [10] for the definition of the classical Padé approximants). Note that there is another construction called nonlinear Padé approximants of orthogonal expansions or nonlinear Padé-orthogonal approximants (see, e.g., [4, 22] ) which is intimately connected with linear Padé-orthogonal approximants. However, since we restrict our consideration to the linear case, we will omit the word linear when we refer to linear Padé-orthogonal approximants.
The subject of Padé-orthogonal approximation has been mainly concentrated on the case when the measure µ is supported on a finite interval (see [5, 6, 11, 12, 14, 20, 21, 23] ). Suetin [20] was the first to prove the convergence of row sequences of Padé-orthogonal approximants for a general class of measures supported on [−1, 1] for which the corresponding sequence of orthonormal polynomials has ratio asymptotic behavior. Results on the convergence of row sequences of Padé-orthogonal approximants when the measure µ is supported on a finite interval can also be found in [5, 6, 21] . Some problems on the convergence of diagonal sequences of Padé-orthogonal approximants with respect to a measure supported on a finite interval were considered in [14, 20, 21, 23] . There are only few papers [16, 17, 7] which considered Padé-orthogonal approximants for measures µ supported on the unit circle. Bosuwan, Lagomasino, and Saff [1, 2, 3] extended many results on the convergence of row sequences of Padé-orthogonal approximants in [5, 6, 20, 21 ] from a measure supported on a finite interval to a measure supported on a general compact set E as described above.
The object of this paper is to investigate a convergence in Hausdorff content of the sequences of Padé-orthogonal approximants [n/m n ] µ F corresponding to a measure supported on a general compact set E as n → ∞ when the sequences {m n } n∈N satisfy lim n→∞ m n ln n n = 0.
This type of sequences of indices {(n, m n )} n∈N when {m n } n∈N satisfy the limit (1) was first considered by Gonchar [13] for Padé (α, β)-approximants. In this paper, we prove many results analogous to those in the paper by Gonchar (see Theorem 2, Corollary 1, and Corollary 2 in [13] ). As a consequence of our main theorem in this paper, we give an alternative proof of a Montessus de Ballore type theorem for row sequences of Padé-orthogonal approximants which was originally proved in [1] .
Notation and auxiliary results
First of all, we introduce some needed notation. For any ρ > 1, we denote by Γ ρ := {z ∈ C : |Φ(z)| = ρ}, and
a level curve of index ρ and a canonical domain of index ρ, respectively. We denote by ρ 0 (F ) the index ρ > 1 of the largest canonical domain D ρ to which F can be extended as a holomorphic function, and by ρ m (F ) the index ρ of the largest canonical domain D ρ to which F can be extended as a meromorphic function with at most m poles (counting multiplicities). Basically, the notation ρ m (F ) is just the generalization of the radius of m-meromorphy of F . Moreover, we denote by
the maximal canonical domain in which F can be continued to a meromorphic function. Secondly, let us discuss some properties of orthogonal polynomial expansions of holomorphic functions which play a major role in our proof.
Let µ ∈ M(E) be such that
uniformly inside C \ E.
Here and in what follows, the phrase "uniformly inside a domain" means "uniformly on each compact subset of the domain". Such measures are called regular (see, e.g., [19] ). The Fourier coefficient of G ∈ H(E) with respect to p n is given by
The following lemma (see [19, Theorem 6.6 .1]) is obtained using (2) in the same way as similar statements are proved for Taylor series.
Lemma 2.1. Let G ∈ H(E) and µ ∈ M(E) be regular. Then,
Moreover, the series
As a consequence of Lemma 2.1, if µ is regular and F ∈ H(E), then
The second type functions s n defined by
are very useful in our proof. The following lemma (see [1, Lemma 3.1] ) is the asymptotic relation between the orthonormal polynomials p n and the second type functions s n .
The restriction posed on the compact set E in the beginning of the paper is used to prove this lemma (see [1, Lemma 3 
.1] for the proof of Lemma 2.2).
A simple calculation frequently used in this paper is in the next lemma.
Proof of Lemma 2.3. Let G ∈ H(E), k ∈ N, and ρ ∈ (1, ρ 0 (G)). By Cauchy's integral formula and Fubini's theorem, we obtain
Next, let us introduce a concept of convergence in Hausdorff content. Let B be a subset of the complex plane C. By U(B), we denote the class of all coverings of B by at most a numerable set of disks. Let β > 0 and set
where |U i | stands for the radius of the disk U i . The quantity h β (B) is called the β-dimensional Hausdorff content of the set B. This set function is not a measure but it is subadditive and monotonic. Clearly, if B is a disk, then
Definition 2.4. Let {g n } n∈N be a sequence of complex valued functions defined on a domain D ⊂ C and g another complex function defined on D. We say that {g n } n∈N converges in β-dimensional Hausdorff content to the function g inside D if for every compact subset K of D and for each ε > 0, we have
Such a convergence will be denoted by h β -lim n→∞ g n = g in D.
The next lemma proved by Gonchar (see [13, Lemma 1] ) allows us to derive uniform convergence on compact subsets of the region under consideration from convergence in h 1 -content under appropriate assumptions.
Then the following assertions hold true:
(i) If the functions g n , n ∈ N, are holomorphic in D, then the sequence {g n } n∈N converges uniformly inside D and g is holomorphic in D.
(ii) If each of the functions g n is meromorphic in D and has no more than k < +∞ poles in this domain, then the limit function g is also meromorphic and has no more than k poles in D. Hence, in particular, if g has a pole of order ν at the point λ ∈ D, then at least ν poles of g n tend to λ as n → ∞.
(iii) If each function g n is meromorphic and has no more than k < +∞ poles in D and the function g is meromorphic and has exactly k poles in D, then all g n , n ≥ N, also have k poles in D; the poles of g n tend to the poles λ 1 , λ 2 , . . . , λ k of g (taking account of their orders) and the sequence {g n } n∈N tends to g uniformly inside the domain
For each n ≥ 0, let Q µ n,mn be the polynomial q µ n,mn normalized in terms of its zeros λ n,j so that
and
. Now, we discuss some upper and lower estimates on the normalized Q µ n,mn in (4). Let ε > 0, d ∈ N, and F ∈ H(E) be meromorphic in
. . , λ d (they are not necessarily distinct and d ≤ d) and the zeros of Q µ n,mn are λ n,1 , λ n,2 , . . . , λ n,lm n (they are not necessarily distinct and l mn ≤ m n ). We cover each pole of
with an open disk of radius (ε/(6d))
1/β and denote by J β −1,ε (F, d) the union of these disks. For each n ≥ 0, we cover each zero of Q µ n,mn with an open disk of radius (ε/(6m n (n + 1)
2 )) 1/β and denote by J β n,ε (F ) the union of these disks. Set for each k ≥ 0,
. Using the monotonicity and subadditivity of h β , we have
The normalization of Q µ n,mn provides the following useful upper and lower bounds on the estimation of Q µ n,mn . Then, there exist constants C 1 > 0 and C 2 > 0 independent of n for all sufficiently large n, such that
where · K is the sup-norm on K and
where the inequality is meaningful when K \ J β ε (F, d; k) is a nonempty set.
Proof of Lemma 2.6. Without loss of generality, we assume that K is a nonempty compact subset of
2 )) 1/β → 0 as n → ∞, it is easy to see that for n sufficiently large,
Therefore, there exists a constant C 2 > 0 such that the expression in (8) is greater than (C 2 m n (n + 1)
2 ) −(2mn/β) . This completes the proof.
Main Results
A class of measures that we are interested in this paper is R(E) ⊂ M(E). We write µ ∈ R(E) when the corresponding sequence of orthonormal polynomials has ratio asymptotics; that is
,
An analogue of Theorem 2 in [13] is the following theorem. This theorem constitutes our main result.
and lim n→∞ m n ln n n = 0. 
where · K denotes the sup-norm on K and if K ⊂ E, then Φ K is replaced by 1.
The above corollary was first proved in [1] (see [1, Theorem 2.1]) but using a different technique, for example, the authors in [1] used the concept of convergence in capacity and a different normalization of q µ n,m . The following corollary is an analogue of Corollary 2 in [13] . 
Proofs of main results
Proof of Theorem 3.1. From µ ∈ R(E), it follows that
uniformly inside C \ E. By (11) and Lemma 2.2, for any l = 0, 1, 2, . . . , we have
uniformly inside C \ E. Furthermore, by using the equalities (11) and (12), we have lim
and lim
uniformly inside C \ E, respectively.
Denote by
the total number of poles of F (counting multiplicities) in
Since lim inf n→∞ m n ≥ d, without loss of generality, we assume that d ≤ m n . From the definition of Padé-orthogonal approximants and the condition (13), we have
where
. . , and a k,n = 0, k = n + 1, n + 2, . . . , n + m n .
Using (3), we obtain, for k = 0, 1, 2, . . . ,
where 1 < ρ 1 < ρ 0 (F ). Let {α 1 , α 2 , . . . , α γ } be the set of the distinct poles of F in D ρ d (F ) and d k be the multiplicity of α k so that
Multiplying the equation (15) by ω d and expanding
in terms of the Fourier series corresponding to the orthonormal system {p ν } ∞ ν=0 , we obtain that for (17) where
First of all, we estimate |a k,n | in terms of |τ k,n | where
Notice that the only difference between the integral in (19) and the integral in (16) 
for k ≥ 0. Recall that the limit formula for the residue of
By the Leibniz formula and the fact that for n sufficiently large, s n (z) = 0 for z ∈ C \ E (see Lemma 2.2), we can transform the expression under the limit sign as follows
.
To avoid long expressions, let us introduce the following notation:
for j = 1, 2, . . . , γ and p = 0, 1, 2, . . . , d j − 1 (notice that the β n (j, p) do not depend on k), so we can rewrite the equality (20) as
Since a k,n = 0, for k = n + 1, n + 2, . . . , n + m n , it follows from (21) and d ≤ m n that
We will view this as a system of d equations with d unknowns β n (j, p). If we can show that
(this expression represents the determinant of order d in which the indicated groups of columns are successively written out for j = 1, 2, . . . , γ), then we can express β n (j, p) in terms of (s k /s n ) (p) (α j ) and τ k,n , for k = n+1, n+2, . . . , n+d. However, since
where R(z) = 1/Φ(z) and n!! = 0!1!2! · · · n! (use, e.g., [18, Theorem 1] to verify the last equality), for sufficiently large n, |Λ n | = 0. In fact, for sufficiently large n, |Λ n | ≥ c 1 > 0 where the number c 1 does not depend on n (from now on, we will denote some constants that do not depend on n by c 2 , c 3 , c 4 , . . . and we will consider only n large enough so that |Λ n | ≥ c 1 > 0). Applying Cramer's rule to (22) , we have
where Λ n (j, p) is the determinant obtained from Λ n replacing the column with index q = ( T and C n (s, q) is the (s, q) th cofactor of Λ n (j, p). Substituting β n (j, p) in the formula (21) with the expression in (23), we obtain
(24) Let δ > 0 be sufficiently small so that ρ 0 (F ) − 2δ > 1 and ε > 0 be sufficiently small so that for all j = 1, 2, 3, . . . , γ,
where k = 0, 1, 2, . . . , and p = 0, 1, 2, . . . , d j − 1. Using (12) and (25), we can easily check that for j = 1, 2, . . . , γ, p = 0, 1, 2, . . . , d j − 1, and k = n + 1, n + 2, . . . , n + d,
and for j = 1, 2, . . . , γ, p = 0, 1, 2, . . . , d j − 1, and k ≥ n + m n + 1,
The equation (26) implies that
for all n ≥ n 3 . Combining the estimates (27), (28), and |Λ n | ≥ c 1 > 0, we see from (24) that
for all n ≥ n 4 .
Secondly, we will give an estimate of |b ν,n | (see the equality (18) for the definition of b ν,n ) in terms of |τ k,n |. By the Cauchy-Schwarz inequality and the orthonormality of p ν , we have
(30) By (29), (30), and the fact that
we obtain, for n sufficiently large and for all ν ≥ 0,
Recall that the equation (17) is
By the triangle inequality, we have for
Let K be a compact subset of D ρ d (F ) and set
(σ = 1 when K ⊂ E).
Now, let us estimate n+mn ν=0 |b ν,n ||p ν | on D σ . Choose δ > 0 so small that
Moreover, using (13) and (14), there exists n 5 ∈ N such that
By (6) and (35), we have for n sufficiently large,
Therefore, from (31) and (37),
Combining (36) and (38), we obtain
where we recall that σ + δ > 1 (see (33)). We arbitrarily choose θ > 0 such that
Therefore, for n sufficiently large,
Next, we estimate
where the last equality follows from (3) when
). By (6) and (35), it follows from (42) that for n sufficiently large,
Using (36) and (43), for all z ∈ D σ ,
where the last inequality follows from (σ + δ)/(ρ 2 − δ) < θ < 1.
Combining (41) and (44), it follows from (32) that for each k ≥ n 6 , (7), the inequality (45) implies that for each k ≥ n 6 , This completes the proof.
